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Abstract
We prove that F -convexity, the property dual to P -convexity of Kottman, implies uniform normal structure. Moreover, in the
presence of the WORTH property, normal structure follows from a weaker convexity condition than F -convexity. The latter result
improves the known fact that every uniformly nonsquare space with the WORTH property has normal structure.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
The notions of normal structure and uniform normal structure play an important role in metric fixed point theory.
Many geometric conditions guaranteeing uniform normal structure can be found in the literatures. However, most of
them fall into the class of uniformly nonsquare spaces (see [6–10,12,17–22,26]).
F -convexity and P -convexity are introduced by Kottman [15] as the efficiency of the tightest possible packings
of equal balls within the unit ball. They are also considered as criteria for reflexivity. It seems the idea of Kottman
in introducing P -convexity is to include the class of uniform convexity and uniform smoothness in a wider class
which retains reflexivity. However, it excludes uniformly nonsquare spaces. Later Naidu and Sastry [16] introduce
the notions of O-convexity and E-convexity which generalize P -convexity and F -convexity, respectively. Moreover,
O-convexity and E-convexity are also implied by uniform nonsquareness.
In this paper, we prove that if a Banach space X is F -convex (or equivalently, its dual space X∗ is P -convex), then
X has uniform normal structure. We also prove that if X has the WORTH property and X is E-convex, then X has
normal structure.
Recall that a Banach space X is said to have (weak) normal structure (see [2]) if for every (weakly compact) closed
bounded convex subset K in X that contains more than one point, there exists a point x0 ∈ K such that
sup
{‖x0 − y‖: y ∈ K}< sup{‖x − y‖: x, y ∈ K}.
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to have weak normal structure, then there exist a weakly compact convex subset C ⊂ X and a sequence (xn) ⊂ C such
that dist(xn+1, co{xk}nk=1) → diamC = 1. A Banach space X is said to have uniform normal structure if there exists
0 < c < 1 such that for any closed bounded convex subset K of X that contains more than one point, there exists
x0 ∈ K such that
sup
{‖x0 − y‖: y ∈ K}< c sup{‖x − y‖: x, y ∈ K}.
It was proved by Kirk that every reflexive Banach space with normal structure has the fixed point property (see [14]),
that is, for every nonempty closed bounded convex subset C of X and for every nonexpansive mapping T : C → C
there exists a point x ∈ C such that x = T x.
We also recall some basic facts about ultrapowers. Let U be a nontrivial ultrafilter on N and let X be a Banach
space. A sequence {xn} in X converges to x with respect to U , denoted by limU xi = x, if for each neighborhood U
of x, {i ∈N: xi ∈ U} ∈ U . Let l∞(X) denote the subspace of the product space Πn∈NX equipped with the norm∥∥(xn)∥∥ := sup
n∈N
‖xn‖ < ∞,
and let
NU =
{
(xn) ∈ l∞(X): limU ‖xn‖ = 0
}
.
The ultrapower of X, denoted by X˜, is the quotient space l∞(X)/NU equipped with the quotient norm. Write (xn)U
to denote the elements of the ultrapower. It follows from the definition of the quotient norm that∥∥(xn)U∥∥= limU ‖xn‖.
Note that X can be embedded into X˜ isometrically. For more details see [23]. We also note that if X is super-reflexive,
that is X˜∗ = (X˜)∗, then X has uniform normal structure if and only if X˜ has normal structure (see [13]).
In what follows, we let BX , SX and X∗ stand for the closed unit ball, the unit sphere, and the dual space of a Banach
space X, respectively.
Lemma 1. Let X be a Banach space for which BX∗ is w∗-sequentially compact (for example, X is reflexive or
separable, or has an equivalent smooth norm). Suppose that X fails to have weak normal structure. Then, for any ε > 0
and for any natural number n  2 there exist z1, z2, . . . , zn ∈ SX and g1, g2, . . . , gn ∈ SX∗ such that the following
conditions are satisfied:
(a) |‖zi − zj‖ − 1| < ε and |gi(zj )| < ε for all i = j ,
(b) gi(zi) = 1 for i = 1,2, . . . , n.
Proof. By the assumptions, there exist sequences (xk) ⊂ X and (fk) ⊂ SX∗ such that
(1) xk w→ 0,
(2) diam{xk}∞k=1 = 1 = limk→∞ ‖xk − x‖ for all x ∈ co{xk}∞k=1,
(3) fk(xk) = ‖xk‖ for all k ∈N, and
(4) fk w
∗→ f for some f ∈ BX∗ .
Observe that 0 is in the weakly closed convex hull of {xk}∞k=1 which equals the norm closed convex hull co{xk}∞k=1.
This implies that limk→∞ ‖xk‖ = 1.
Let ε ∈ (0,1) and n be a fixed natural number. Pick η = ε2 . We can choose natural numbers
k1 < k2 < · · · < kn
such that
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∣∣f (xki )∣∣< η2 (i = 1,2, . . . , n),
1 − η ‖xkj − xki‖ 1,∣∣fki (xkj )∣∣< η, ∣∣(fkj − f )(xki )∣∣< η2 (1 i < j  n).
It follows that∣∣fkj (xki )∣∣ ∣∣(fkj − f )(xki )∣∣+ ∣∣f (xki )∣∣< η.
Set
zi := xki‖xki‖
and gi := fki .
We now prove that (a) and (b) are satisfied. Clearly, (b) holds. Moreover, for i = j ,∣∣gi(zj )∣∣= |fki (xkj )|‖xkj ‖ < η1 − η < 2η = ε.
Next, we observe that
‖zi − zj‖ =
∥∥∥∥ xki‖xki‖ − xkj‖xkj ‖
∥∥∥∥

∥∥∥∥ xki‖xki‖ − xki
∥∥∥∥+ ‖xki − xkj ‖ + ∥∥∥∥xkj − xkj‖xkj ‖
∥∥∥∥
= ∣∣1 − ‖xki‖∣∣+ ‖xki − xkj ‖ + ∣∣1 − ‖xkj ‖∣∣
< 1 + 2η = 1 + ε
and
‖zi − zj‖ gi(zi − zj ) = gi(zi) − gi(zj ) 1 − ε.
This completes the proof. 
Lemma 1 can be rewritten in ultrapower language as:
Lemma 2. If X is a super-reflexive Banach space and fails to have normal structure, then there are x˜1, . . . , x˜n ∈ SX˜
and f˜1, . . . , f˜n ∈ S(X˜)∗ such that
(a′) ‖x˜i − x˜j‖ = 1 and f˜i (x˜j ) = 0 for all i = j ,
(b′) f˜i (x˜i ) = 1 for i = 1, . . . , n.
2. Results
2.1. F -convexity and P -convexity
For each n ∈N let
P(n,X) = sup{r: there exist n disjoint balls of radius r in BX}
= sup{r: ∃x1, . . . , xn ∈ X such that ‖xi − xj‖ 2r and ‖xi‖ 1 − r}.
In this setting we take sup∅ = 0. A Banach space X is said to be P -convex if P(n,X) < 12 for some natural number n.
Kottman also introduced the following property which is dual to P -convexity. For ε > 0, a convex subset A of BX
is an ε-flat if A ∩ (1 − ε)BX = ∅. A collection D of ε-flats is complemented if for each distinct sets A,B ∈D their
union A ∪B must contain a pair of antipodal points. We let
F(n,X) = inf{ε: BX contains a complemented collection of ε-flats of cardinality n}.
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(1) Every P -convex space is super-reflexive.
(2) P -convexity and F -convexity are dual to each other. That is, X (X∗, respectively) is P -convex if and only if X∗
(X, respectively) is F -convex.
(3) Every uniformly convex space (and hence every uniform smooth space) is P -convex and F -convex.
We are now in position to prove our main result.
Theorem 3. If a Banach space X is F -convex, then X has uniform normal structure.
Proof. Suppose that, on the contrary, X fails to have weak normal structure. We prove that F(n, X˜) = 0 for all
natural n. By Lemma 2, there are x˜1, . . . , x˜n ∈ SX˜ and f˜1, . . . , f˜n ∈ S(X˜)∗ such that
(a) ‖x˜i − x˜j‖ = 1 and f˜i (x˜j ) = 0 for all i = j ,
(b) f˜i (x˜i ) = 1 for i = 1, . . . , n.
Take
Ai = co
({x˜i − x˜j : j = i} ∪ {x˜i}) (i = 1, . . . , n).
It is easy to see that each Ai is a convex subset of BX˜ . Moreover, Ai is an ε-flat for all i = 1, . . . , n and for all ε > 0.
To see this, it suffices to show that Ai ⊂ SX˜ . Let λk  0 with
∑n
k=1 λk = 1. Then
1 = λi‖xi‖ +
∑
k =i
λk‖x˜i − x˜k‖
∥∥∥∥λix˜i +∑
k =i
λk(x˜i − x˜k)
∥∥∥∥
 f˜i
(
λix˜i +
∑
k =i
λk(x˜i − x˜k)
)
= λif˜i(x˜i ) +
∑
k =i
λkf˜i(x˜i − x˜k)
= λif˜i(x˜i ) +
∑
k =i
λkf˜i(x˜i ) = 1.
Finally, for i = j , the antipodal points ±(x˜i − x˜j ) belong Ai ∪ Aj . This implies that F(n, X˜) = 0. We have proved
that X has normal structure whenever X is F -convex. To conclude the uniform normal structure of the space, we just
invoke the fact that F -convexity is closed under the taking of ultrapower. 
Now, since X is P -convex if and only if X∗ is F -convex, we have the following corollary.
Corollary 4. If X is P -convex, then X∗ has uniform normal structure.
2.2. E-convexity and O-convexity
A collection D of ε-flats is jointly complemented if for each distinct sets A,B ∈D the sets A ∩ B and A ∩ (−B)
are not empty. We let
E(n,X) = inf{ε: BX contains a jointly complemented collection of ε-flats of cardinality n}.
We say that a Banach space X is E-convex if E(n,X) > 0 for some natural number n. This notion is introduced by
Naidu and Sastry [16]. It is also proved that E-convexity strictly lies between F -convexity and super-reflexivity (see
[1,16]). We show in the following theorem that normal structure follows from the weaker convexity condition than
F -convexity in the presence of the WORTH property. Recall that X is said to have the WORTH property [24] if
lim
n→∞
∣∣‖xn + x‖ − ‖xn − x‖∣∣= 0
for all x ∈ X and all weakly null sequences (xn).
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Before proving the preceding theorem, we need the following lemma which is an improvement of [22, Lemma 5].
Lemma 6. Let X be a super-reflexive Banach space with the WORTH property. If X fails to have normal structure,
then there are x˜1, . . . , x˜n ∈ SX˜ and f˜1, . . . , f˜n ∈ S(X˜)∗ such that
(a) ‖x˜i ± x˜j‖ = 1 and f˜i (x˜j ) = 0 for all i = j ,
(b) f˜i (x˜i ) = 1 for i = 1, . . . , n.
Since the proof of Lemma 6 is a slight modification of Lemma 1, the details are left to the reader.
Proof of Theorem 5. We suppose that X is E-convex and has the WORTH property. We follow the proof of Theo-
rem 3 but now use Lemma 6. If X fails to have normal structure, then for each natural number n, there are vectors
x˜1, . . . , x˜n ∈ SX˜ and f˜1, . . . , f˜n ∈ S(X˜)∗ satisfying conditions (a) and (b) of Lemma 6. Take
Ai = co
({x˜i ± x˜j : j = i}) (i = 1, . . . , n).
It follows from (a) that each Ai is a convex subset of BX˜ . Moreover, Ai is an ε-flat for all i = 1, . . . , n and for all
ε > 0. To see this, it suffices to show that Ai ⊂ SX˜ . Let λk  0 with
∑2n
k=1 λk = 1. Then
1 =
n∑
k=1
λk‖x˜i − x˜k‖ +
2n∑
k=n+1
λk‖x˜i + x˜k‖
∥∥∥∥∥
n∑
k=1
λk(x˜i − x˜k) +
2n∑
k=n+1
λk(x˜i + x˜k)
∥∥∥∥∥
 f˜i
(
n∑
k=1
λk(x˜i − x˜k) +
2n∑
k=n+1
λk(x˜i + x˜k)
)
=
n∑
k=1
λkf˜i(x˜i − x˜k) +
2n∑
k=n+1
λkf˜i(x˜i + x˜k) = 1.
Finally, for i = j , we have
x˜i + x˜j ∈ Ai ∩Aj and x˜i − x˜j ∈ Ai ∩ (−Aj).
This implies E(n, X˜) = 0 for all natural number n and the proof is finished. 
Naidu and Sastry also introduce and study the following convexity condition which is dual to E-convexity. We say
that a Banach space X is O-convex if BX contains no symmetrically (2 − ε)-separated subset of cardinality n for
some ε > 0 and for some natural number n. Recall that a subset A of X is symmetrically ε-separated if the distance
between any two distinct points of A ∪ (−A) is at least ε. It is proved that:
(1) Every O-convex space is super-reflexive.
(2) O-convexity and E-convexity are dual to each other. That is, X (X∗, respectively) is O-convex if and only if X∗
(X, respectively) is E-convex.
(3) Every uniformly nonsquare space is both O-convex and E-convex.
Corollary 7. If a Banach space X is O-convex and has the WORTH property, then X∗ has normal structure. In
particular, if X is uniformly nonsquare and has the WORTH property, then X and X∗ have normal structure (see
[4, Proposition 3], [12], and [25]).
Remark 8.
(1) There is an E-convex Banach space X with the WORTH property but which is not uniformly nonsquare. For
example, we consider X = 2 ⊕∞ 2. It is easy to see that X has the WORTH property but fails to be uniformly
nonsquare. Moreover, it is proved in [16, Theorem 2.7] that any p-direct sum of finitely many E-convex spaces
where 1 < p ∞ is again E-convex.
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fails to have normal structure and the WORTH property. In fact, we consider the Bynum space 2,∞ (see [3])
which is the 2 sequence space equipped with the norm
‖x‖ = max{‖x+‖2,‖x−‖2}
where x+ and x− are positive and negative parts of x ∈ p , i.e., (x+)n = max{xn,0} and (x−)n = max{−xn,0}.
It is known that 2,∞ is uniformly nonsquare (and hence E-convex) and does not have normal structure.
Questions.
(1) Does P -convexity imply the fixed point property?
(2) It is known that every uniformly nonsquare Banach space has the fixed point property (see [5]). Since the class
of E-convex (O-convex, respectively) Banach spaces includes all uniformly nonsquare spaces, it is natural to ask
this question: Does E-convexity and/or O-convexity imply the fixed point property?
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